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Abstract In porous media, lateral mass exchange exerts a signiﬁcant inﬂuence on the dilution of solute
plumes in quasi steady state. This process is one of the main mechanisms controlling transport of continu-
ously emitted conservative tracers in groundwater and is fundamental for the understanding of many deg-
radation processes. We investigate the effects of high-permeability inclusions on transverse mixing in three-
dimensional versus two-dimensional systems by experimental, theoretical, and numerical analyses. Our
results show that mixing enhancement strongly depends on the system dimensionality and on the parame-
terization used to model transverse dispersion. In particular, no enhancement of transverse mixing would
occur in three-dimensional media if the local transverse dispersion coefﬁcient was uniform and ﬂow focus-
ing in both transverse directions was identical, which is fundamentally different from the two-dimensional
case. However, the velocity and grain size dependence of the transverse dispersion coefﬁcient and the cor-
relation between hydraulic conductivity and grain size lead to prevailing mixing enhancement within the
inclusions, regardless of dimensionality. We perform steady state bench-scale experiments with multiple
tracers in three-dimensional and quasi two-dimensional ﬂow-through systems at two different velocities (1
and 5 m/d). We quantify transverse mixing by the ﬂux-related dilution index and compare the experimental
results with model simulations. The experiments conﬁrm that, although dilution is larger in three-
dimensional systems, the enhancement of transverse mixing due to ﬂow focusing is less effective than in
two-dimensional systems. The spatial arrangement of the high-permeability inclusions signiﬁcantly affects
the degree of mixing enhancement. We also observe more pronounced compound-speciﬁc effects in the
dilution of solute plumes in three-dimensional porous media than in two-dimensional ones.
1. Introduction
Groundwater ﬂow in natural aquifers is characterized by low ﬂow velocities [1023 to 101 m/d, e.g., Fetter,
2000], leading to rather small transverse hydrodynamic dispersion coefﬁcients [10211 to 1028 m2/s, e.g.,
Bear, 1972] and thus rather inefﬁcient transverse mixing [e.g., Davis et al., 1999; Prommer et al., 2006; van der
Kamp et al., 1994]. This is a key factor for understanding the fate and transport of widespread contaminants
in groundwater, including compounds released from NAPL spills or leaking landﬁlls. In these cases, the con-
taminants are continuously emitted from the source over typical time scales of decades and the released
plumes approach steady state conditions determined by the dynamic equilibrium between the contami-
nant mass released at the source and its destruction by degradation processes [e.g., Mace et al., 1997;Wiede-
meier et al., 1999]. Under these conditions, the reaction of continuously emitted pollutants with dissolved
reactants in the ambient groundwater is typically controlled by transverse dispersive mixing [e.g., Anneser
et al., 2008; Cirpka et al., 1999; Ham et al., 2004; Knutson et al., 2007; Mayer et al., 2001; Prommer et al., 2009;
Thornton et al., 2001], although shearing and longitudinal dispersion can play an important role at the front
of the plume. Transverse mixing represents the key process in estimating the length of steady state contam-
inant plumes [e.g., Cirpka et al., 2012; Liedl et al., 2005, 2011; Maier and Grathwohl, 2006; Zarlenga and Fiori,
2013, 2014]. In transient transport, local lateral mass exchange controls the transition of longitudinal plume
spreading to dilution [Kitanidis, 1994], the coalescence of plume lamellae within heterogeneous domains
[e.g., Le Borgne et al., 2013], and is critical in interpreting solute breakthrough curves [e.g., Pedretti et al.,
2013; Rolle and Kitanidis, 2014].
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The heterogeneity of porous media can sustain concentration gradients by deforming the plume boundary,
enhancing therefore diffusive ﬂuxes [e.g., Cirpka et al., 2012; Rolle et al., 2009; Werth et al., 2006]. Flow focus-
ing in high-permeability zones squeezes streamlines in narrow regions of the domain, thus increasing con-
centration gradients of the solutes in the direction transverse to the streamlines. In two-dimensional
systems, the increase in concentration gradients caused by ﬂow focusing prevails over the decrease of
transport time in such regions, thus leading to a net enhancement of transverse mixing [e.g., Chiogna et al.,
2011a; Cirpka et al., 2011; Werth et al., 2006; Willingham et al., 2008]. The role of this process is particularly
relevant for degradation reactions occurring at the narrow fringe of contaminant plumes where reactants
can physically mix [e.g., Anneser et al., 2008; Bauer et al., 2009; Bjerg et al., 2011; Cirpka et al., 2006; Lerner
et al., 2000].
Due to the small spatial scale at which mixing occurs, resolving steep concentration gradients at the ﬁeld
scale remains challenging despite the rapid development of improved monitoring techniques [e.g., Annable
et al., 2005; Anneser et al., 2008; Devlin et al., 2012]. Therefore, laboratory experiments [e.g., Castro-Alcala
et al., 2012; de Anna et al., 2014; Haberer et al., 2015; Rolle et al., 2013a] and numerical simulations at multiple
scales [e.g., de Dreuzy et al., 2012; Herrera and Valocchi, 2006; Hochstetler et al., 2013; Porta et al., 2013; Rolle
et al., 2013b; Tartakovsky et al., 2009] are fundamental for the understanding of dilution in porous media.
Most of these studies, however, focused on (quasi) two-dimensional systems, while detailed experimental
and modeling investigations in three-dimensional domains are less common [e.g., Herrera et al., 2010;
Rashidi et al., 1996; Silliman, 1996; Yoon and McKenna, 2012; Cirpka et al., 2015]. In particular, few experimen-
tal studies have been performed to investigate solute transport in fully three-dimensional porous media.
Such studies have mostly focused on the development of noninvasive techniques to map solute concentra-
tions and on the investigation of solute breakthrough [e.g., Chen et al., 2002; Danquigny et al., 2004; Marica
et al., 2011; Oswald et al., 1997; Oswald and Kinzelbach, 2004], whereas systematic experimental studies on
transverse mixing in fully three-dimensional systems are scarce.
Cirpka et al. [2015] proposed three mechanisms by which three-dimensional heterogeneity enhances trans-
verse mixing: (a) ﬂow focusing, which is the main transverse-mixing enhancing process in two-dimensional
steady state transport, (b) depth-dependent plume meandering leading to an enlarged surface area of the
plume, and (c) twisting streamlines caused by spatially variable anisotropy. The present contribution exclu-
sively addresses the ﬁrst mechanism, providing theoretical analyses, numerical results, and an experimental
validation. In contrast to the other two processes, transverse mixing enhancement by ﬂow focusing can
occur both in 2-D and 3-D setups thus allowing for a clear comparison on the effects of such mechanism in
two and three dimensions. Effects of transient ﬂow on transverse mixing in heterogeneous media [e.g.,
Cirpka and Attinger, 2003; Dentz and Carrera, 2003], which are difﬁcult to address by experiments, are not
considered in the present study.
Laboratory bench-scale experiments greatly simplify natural aquifers and cannot capture the complex
arrangements of heterogeneous anisotropic materials [e.g., Heinz and Aigner, 2003], the hydraulic connectiv-
ity of high-permeability inclusions [e.g., Renard and Allard, 2013; Pedretti et al., 2013], as well as the chemical
and biogeochemical complexity of natural aquifer systems. However, ﬂow-through laboratory experiments
allow the detailed investigation of selected processes under well-deﬁned and controlled conditions. They
advance process understanding and allow testing conceptual and numerical models against experimental
data affected by signiﬁcantly less uncertainty than ﬁeld observations.
In this work, we aim at analyzing the effects of physical heterogeneity, with a very simpliﬁed geometrical
and topological structure, on dilution and its enhancement under steady state transport conditions in
three-dimensional setups. In particular, we investigate the enhancement of transverse mixing caused by
ﬂow focusing in high-permeability inclusions, comparing two-dimensional and three-dimensional labora-
tory ﬂow-through systems. We performed conservative multitracer experiments at two velocities (1 and
5 m/d). Three heterogeneous setups were considered in the three-dimensional experiments. We performed
also a multitracer experiment reproducing a cross section of one of the aforementioned setups in a quasi
two-dimensional system. We measured solute mass ﬂuxes with high-spatial resolution at the outlet of the
ﬂow-through chambers. We quantify dilution of the steady state plumes by the ﬂux-related dilution index
[Rolle et al., 2009] and derive an analytical solution of the mixing-enhancement factor for the 3-D case,
extending the 2-D analysis performed by Werth et al. [2006]. A model-based interpretation of the
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experimental results allows quantifying the amount of mixing enhancement due to ﬂow focusing in com-
parison to the homogeneous case.
The main objectives of this study are to (i) investigate steady state plume dilution by transverse mixing in
fully 3-D ﬂow-through systems with high-permeability inclusions; (ii) quantify the mixing enhancement by
ﬂow focusing in the inclusions in the 3-D setups and compare it with the effects observed in (quasi) 2-D sys-
tems; (iii) assess how the parameterization of transverse dispersion and compound-speciﬁc properties of dif-
ferent solutes affect the enhancement of dilution in high-permeability inclusions of three-dimensional
porous media.
2. Theory
2.1. Governing Flow and Transport Equations
Flow in porous media can be described by combining the continuity equation and Darcy’s law. The latter
can be written as
qðxÞ52KðxÞ  r/ðxÞ (1)
where q [L T21] is the speciﬁc-discharge vector, x [L] denotes the vector of spatial coordinates, K [L T21] is
the hydraulic conductivity tensor, which depends on water saturation, and / [L] is the hydraulic-head ﬁeld.
In this study, we consider the case of an isotropic porous medium, so that K is a scalar ﬁeld. While the main
focus is on groundwater, where water saturation is unity, we include the unsaturated zone overlaying the
capillary fringe of phreatic systems in the numerical analysis of our experiments.
We consider steady state transport of a conservative compound, described by the steady state version of
the well-known advection-dispersion equation:
v  rc2r  Drcð Þ50 (2)
where c [M L23] is the concentration, v5q/h [L T21] is the seepage velocity, h is the volumetric water con-
tent equaling the effective porosity under water-saturated conditions, and D [L2 T21] is the dispersion
tensor:
D5
v v
v  v D‘2Dtð Þ1IDt (3)
where v  v and v  v denote the tensor and scalar products of v with itself, respectively, and I is the iden-
tity matrix. D‘ [L
2 T21] and Dt [L
2 T21] are the longitudinal and transverse dispersion coefﬁcients,
respectively.
The experimental setup used in this work considers a continuous release of the solutes in the ﬂow-through
system under steady state conditions. In this case, dispersion occurs mainly in the directions perpendicular
to the main ﬂow, because from a sufﬁcient distance to the source dispersive ﬂuxes in the longitudinal direc-
tion can be neglected due to the small longitudinal concentration gradients compared to the ones in the
transient direction [e.g., Wexler, 1992; Zarlenga and Fiori, 2013]. We further assume that the transverse dis-
persion coefﬁcient Dt [L
2 T21] is identical in both transverse directions.
Numerical and experimental studies have shown that incomplete mixing in pore channels arises during sol-
ute transport [e.g., Chiogna and Bellin, 2013; Klenk and Grathwohl, 2002; Rolle et al., 2012; Tartakovsky et al.,
2009; Willingham et al., 2008], especially under advection-dominated conditions. This results in a nonlinear
dependence of transverse dispersion on the seepage velocity. In this study, we use an empirical parameter-
ization of transverse dispersion [e.g., Chiogna et al., 2010; Rolle et al., 2012; Ye et al., 2015] based on an earlier
statistical model [i.e., Bear and Bachmat, 1967]:
Dt5Dp1Daq
Pe2
Pe1214d2
 b
(4)
where Pe5 vd/Daq is the grain Peclet number, v [L T
21] is the absolute value of the seepage-velocity vector,
d [L] is the average grain size, d is the ratio between the length of a pore channel and its hydraulic radius,
and b is an empirical exponent that accounts for the degree of incomplete mixing within the pore channels.
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The mechanical-dispersion term of equation (4) entails a dependence on the aqueous diffusion coefﬁcient
of the transported solute. Previous studies [e.g., Chiogna et al., 2010; Rolle et al., 2012; Ye et al., 2015] have
shown a good agreement between equation (4) and experimental results in homogeneous porous media,
providing also an average estimate of the two parameters (i.e., b5 0.5 and d5 5.37) for a range of grain
sizes between 0.2 and 1.5 mm.
2.2. Quantification of Transverse Mixing
Quantifying transverse mixing processes in heterogeneous porous media can be a challenging task since it
is important to separate the purely advective effects of plume meandering, squeezing, and stretching from
actual dilution, which ultimately is caused by diffusion [e.g., Cirpka et al., 2011; Rahman et al., 2005; Rolle
et al., 2009]. In this section, we describe two metrics of transverse mixing in domains affected by high-
permeability inclusions: the mixing-enhancement factor [Werth et al., 2006] and the ﬂux-related dilution
index [Rolle et al., 2009].
Figure 1 schematically shows the effect of a high-permeability inclusion on the ﬂow ﬁeld in an other-
wise homogeneous 3-D conﬁned water-saturated domain. Since the hydraulic conductivity of the inclu-
sion, Ki [L T
21], is larger than the hydraulic conductivity of the matrix, Km [L T
21], streamlines are focused
in the inclusion, as shown by the black lines in Figure 1. In the inclusion, the ﬂow velocity is higher than
in the surrounding matrix, which has three effects: (1) the transverse dispersion coefﬁcient Dt is higher in
the inclusion than outside, (2) the time for a water parcel to pass the inclusion is smaller than the time
needed to travel the same distance in the matrix, and (3) the vertical and horizontal distances between
streamlines are smaller in the inclusion than outside so that a transverse dispersive mass exchange
between two streamlines has to cover a smaller distance inside the inclusion than outside. An additional
effect of the inclusion is that its larger grain size increases not only the hydraulic conductivity but also the
transverse hydrodynamic dispersion coefﬁcient; such increase of Dt is beyond the velocity-related effect
listed above.
2.2.1. Mixing-Enhancement Factor
Werth et al. [2006] introduced the mixing-enhancement factor to quantify the enhancement of transverse
mixing by a rectangular high-permeability inclusion of length Li [L] and height hi [L], inserted in a homoge-
neous two-dimensional matrix of length Ltot [L] and height htot [L].
Considering the characteristic dispersion length d [L], which is commonly deﬁned as d5
ﬃﬃﬃﬃﬃﬃﬃ
2Dt
p
(where t [T] is
the time available for mixing and D [L2 T21] represents the hydrodynamic dispersion coefﬁcient), Werth
et al. [2006] assumed two limiting situations under steady state ﬂow conditions.
In the ﬁrst case, the entire ﬂow is focused in the high-permeability inclusion i. The degree of mixing in the
vertical direction is expressed by the dimensionless ratio deﬁned as
Figure 1. Schematic overview of ﬂow focusing effects in a high-permeability inclusion in a 3-D ﬂow-through system. Gray volume: high-
permeability inclusion; black lines: streamlines.
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dtv;i
hi
5
1
hi
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2Dt;iLi
vi
r
(5)
where dtv,i [L] is the characteristic dispersion length in the vertical direction, Dt,i [L
2 T21] denotes the trans-
verse dispersion coefﬁcient in the inclusion, and the time t is substituted by the ratio between the length of
the inclusion and the seepage velocity in the inclusion vi [L T
21].
In the second case, the inclusion is not present and the medium is homogeneous. Hence, the degree of
mixing reads as
dtv;m
htot
5
1
htot
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2Dt;mLi
vm
r
(6)
where dtv,m [L] is the characteristic dispersion distance in the vertical direction within the homogeneous
matrix, Dt,m [L
2 T21] denotes the transverse vertical dispersion coefﬁcient in the homogeneous matrix, and
vm [L T
21] is the seepage velocity in the homogeneous matrix.
The mixing-enhancement factor for two-dimensional domains is then deﬁned as the ratio of expressions in
equations (5) and (6):
MFi;v5
htot
hi
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Dt;ivm
Dt;mvi
s
(7)
Assuming that the total discharge Qtot [L
3 T21] passes through the inclusion and considering the conserva-
tion of ﬂow in the domain we can express vi as
Qtot5hivihi5hmvmhtot ) vi5 vmhmhtothihi (8)
where hi and hm are the effective porosities in the inclusion and in the homogeneous matrix, which are
assumed identical for simplicity.
Under these idealized assumptions, the mixing-enhancement factor for a two-dimensional system reads as
MFi;v5
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Dt;ihtot
Dt;mhi
s
(9)
Note that two-dimensional transverse mixing is enhanced even for the unrealistic case that the transverse
dispersion coefﬁcients are identical within the inclusion and in the matrix, Dt,i5Dt,m. Werth et al. [2006] also
considered the less idealized case in which not the entire discharge passes through the inclusion. In this
case, transverse mixing outside the inclusion is reduced, but the average effect over the entire domain
width was still an increase even for Dt,i5Dt,m.
We now consider the effect of a single high-permeability inclusion in a 3-D domain. Similarly to the 2-D
case, we can deﬁne vertical (MFi,v) and horizontal (MFi,h) mixing-enhancement factors for a three-
dimensional domain, of length Ltot [L], height htot [L], and width wtot [L], for an inclusion of length Li [L],
height hi [L], and width wi [L]:
MFi;v5
htot
hi
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Dt;ivm
Dt;mvi
s
(10)
MFi;h5
wtot
wi
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Dt;ivm
Dt;mvi
s
(11)
In the three-dimensional case, the total discharge is deﬁned as
Qtot5hivihiwi5hmvmhtotwtot ) vi5 vmhmhtotwtothihiwi (12)
such that equations (10) and (11), assuming a constant porosity, become
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MFi;v5
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Dt;ihtotwi
Dt;mhiwtot
s
(13)
MFi;h5
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Dt;iwtothi
Dt;mwihtot
s
(14)
These expressions show that mixing enhancement in three-dimensional domains is different than in two
dimensions. For illustration, we may consider the enhancement of vertical mixing by a high-permeability
inclusion. Equation (13) differs from equation (9) by the factor
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
wi=wtot
p
, where wi is the width of the inclu-
sion and wtot that of the domain. Note that wiwtot, implying that the three-dimensional mixing-enhance-
ment factor is smaller than the two-dimensional one. For the speciﬁc case of isotropic ﬂow focusing, i.e.,
wi=wtot5hi=htot , the geometric effects of mixing enhancement in equations (13) and (14) cancel, and the
only remaining enhancement is caused by transverse dispersion within the inclusion being larger than out-
side, Dt,i>Dt,m.
We have tested the proposed relations for 3-D mixing enhancement by performing numerical transport
simulations in a conﬁned setup (length5 3 m, width5 0.77 m, and height5 0.77 m) with a high-
permeability inclusion (Figure 1). The inclusion width was changed in different simulations, whereas its
length and height were ﬁxed and equal to 0.2 and 0.066 m, respectively. The permeability ratio between
the inclusion and the matrix was 13 and the mean hydraulic gradient was set to 1.84 3 1023. Both the
width and the height of the plume source were 0.0462 m. As shown in Figure 2a, an increase in the width
of the inclusion enhances mixing in the vertical direction (MFi,v) since it leads to a longer residence time
of the plume in the inclusion (the velocity vi is reduced). On the contrary, if we consider the horizontal
mixing-enhancement factor MFi,h (Figure 2a), we can observe a reduction in the mixing enhancement
since, as wi increases, the ﬂow is distributed over a larger width. Considering the same model setup
(i.e., variable inclusion width, constant length, and height), we measure the square root of the second cen-
tral moment of the plume at the outlet of the domain in both directions,
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
M2C;v
p
[L] and
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
M2C;h
p
[L],
deﬁned as
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
M2C;v
p
5
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃÐ htot
0 z2M1;v
 2
cvdzÐ htot
0 cvdz
vuut (15)
Figure 2. Metrics of transverse mixing enhancement by a high-permeability inclusion in a 3-D model domain as function of the inclusion
width. (a) Mixing-enhancement factor; (b) square root of the normalized second central moment. Blue diamonds: metrics of vertical
transverse mixing enhancement with Dt according to equation (4); yellow triangles: metrics of horizontal transverse mixing enhancement
with Dt according to equation (4); purple squares: metrics of vertical transverse mixing enhancement with pure pore diffusion Dp5 1.923
10210 m2/s; green circles: metrics of horizontal transverse mixing enhancement with pure pore diffusion Dp5 1.92 3 10
210 m2/s. Red
dashed line: symmetric case (wi5 hi and wtot5 htot).
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
M2C;h
p
5
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃÐwtot
0 y2M1;h
 2
chdyÐ wtot
0 chdy
vuut (16)
where M1,v [L] and M1,h [L] are the ﬁrst spatial moment in vertical and horizontal directions, deﬁned as
M1;v5
Ð htot
0 zcvdzÐ htot
0 cvdz
(17)
M1;h5
Ðwtot
0 ychdyÐ wtot
0 chdy
(18)
and cv and ch represent the average concentration of cnorm along horizontal and vertical directions,
respectively:
cv5
Ð wtot
0 cnormdy
wtot
(19)
ch5
Ð htot
0 cnormdz
htot
(20)
In Figure 2b, we normalize
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
M2C;v
p
and
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
M2C;h
p
by the square root of the second central moment computed
for the homogeneous porous medium (i.e., same setup but without the inclusion):
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
M2C;v=M2CHom;v
p
andﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
M2C;h=M2CHom;h
p
. Comparing Figures 2a and 2b, it can be observed that the two metrics show a remarkable
qualitative agreement.
As shown in Figure 2, both vertical and horizontal mixing enhancement are signiﬁcantly larger considering
the velocity and grain-size-dependent parameterization of Dt by equation (4), in comparison to the mixing
enhancement considering pure pore diffusion (Dt5Dp). In fact, the ﬁrst model results in a spatially variable
Dt that depends nonlinearly on the spatially variable ﬂow velocity and grain size in the heterogeneous
domain; whereas the second model assumes a constant and velocity-independent Dt. This result is already
indicative of the relevance of the physical model used to parameterize transverse dispersion for the correct
computation of mixing enhancement in heterogeneous porous media.
The red dashed line in Figure 2 refers to the case of isotropic ﬂow focusing (i.e., wi=wtot5hi=htot) with con-
stant local dispersion coefﬁcient (e.g., Dt5Dp). As analytically derived above, the mixing enhancement in
both the vertical and the horizontal directions reduces to the ratio of the transverse dispersion coefﬁcient
in the inclusion over that in the matrix when ﬂow focusing is identical in the horizontal and vertical direc-
tions. Therefore, if the dispersion coefﬁcient did not depend on the ﬂow velocity, no mixing enhancement
would occur, independently of the magnitude of the dispersion coefﬁcient (i.e., this effect cannot be
avoided by using an effective dispersion coefﬁcient, which is constant in the entire domain).
Figure 2 also demonstrates that anisotropic ﬂow focusing, that is wi=wtot 6¼ hi=htot leads to a strong direc-
tional dependence of transverse mixing. The scenarios reported in the ﬁgure show a considerably larger
enhancement in the transverse vertical direction. For the case with constant local dispersion coefﬁcient
(e.g., Dt5Dp), even a reduction of transverse mixing is possible (e.g., horizontal transverse mixing in Figure
2). In this case, the reduction of mixing time in the inclusion has a stronger effect on transverse mixing than
the reduction of the corresponding transverse mixing length. At the same time, mixing in the other trans-
verse direction is more strongly enhanced.
As shown above, studies based on two-dimensional simulations likely overestimate mixing enhancement
by ﬂow focusing compared to fully 3-D descriptions. On the contrary, modeling studies assuming a constant
dispersion coefﬁcient in heterogeneous porous media result in the underestimation of mixing
enhancement.
2.2.2. Flux-Related Dilution Index and Reactor Ratio
Rolle et al. [2009] introduced the ﬂux-related dilution index to quantify dilution of solute plumes by trans-
verse mixing at steady state. This metric is a modiﬁcation of the volume-related dilution index [Kitanidis,
1994], which deﬁnes dilution as a measure of the disorder in the spatial distribution of solute concentration
and is equivalent to the exponential of the Shannon entropy. While the dilution index describes how a
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solute slug is diluted in a volume, the ﬂux-related dilution index represents a volumetric discharge and
quantiﬁes how a given solute mass ﬂux is distributed over a larger water ﬂux [e.g., Chiogna et al., 2011a,
2012; Rolle et al., 2009]. The ﬂux-related dilution index EQ(x) [L
3 T21] in a bounded domain is deﬁned as
EQ xð Þ5exp 2
ð
X
pQ x; y; zð Þln pQ x; y; zð Þqx x; y; zð ÞdA
 
(21)
where X is the cross section perpendicular to the water ﬂux, qx(x,y,z) [L T
21] is the speciﬁc-discharge compo-
nent in the longitudinal direction x and pQ(x,y,z) is the ﬂux-weighted probability density function of the
transverse particle location deﬁned as
pQ x; y; zð Þ5 c x; y; zð ÞÐ
Xc x; y; zð Þqx x; y; zð ÞdA
(22)
The normalized form of ﬂux-related dilution index, denoted as reactor ratio MQ(x), is obtained by dividing
equation (21) with the total ﬂow rate Qx [L
3 T21]:
MQ xð Þ5 EQ xð ÞQx (23)
The ﬂux-related reactor ratio MQ(x) reaches its maximum value, MQ(x)5 1, when the solute ﬂux is uniformly
distributed over the total water ﬂux.
3. Experimental Setup
Multitracer experiments were conducted in a three-dimensional and in a quasi two-dimensional ﬂow-
through chamber. The 3-D ﬂow-through system (Figure 3a) has inner dimensions of 30 cm 3 7.7 cm 3
10 cm (length 3 width 3 height), while the quasi 2-D domain has inner dimensions of 28 cm 3 1.1 cm 3
14 cm. Both ﬂow-through chambers are made of acrylic-glass. The 3-D setup is equipped with an array of 5
3 55 25 injection ports at the inlet and 7 3 75 49 extraction ports at the outlet. The ports at the inlet are
equally spaced with a distance of 1.54 cm, while the distance at the outlet is 1.1 cm. The quasi 2-D ﬂow-
through chamber is equipped with seven injection ports at the inlet and seven extraction ports at the out-
let, and the distance between each neighboring ports is 1.27 cm. All ports were connected to high-
precision peristaltic pumps (IPC-N, Ismatec, Glattbrugg, Switzerland). A fully water-saturated zone was kept
at the height of 7.7 cm for the 3-D setup and 9 cm for the 2-D setup. Both systems had a phreatic ground-
water surface overlain by a shallow capillary fringe and an unsaturated zone even though active pumping
was restricted to the water-saturated zone. Fluran pump tubings (ID 0.64 mm, Ismatec, Glattbrugg, Switzer-
land) and stainless steel capillaries were used as connection materials. More details about the experimental
setups have been provided by Ye et al. [2015]. The ﬂow-through experiments were performed in a room
with constant temperature (T5 228C) at the average ﬂow velocities of 1 and 5 m/d.
High-permeability inclusions of coarse glass-bead packings with hydraulic conductivity K5 3.24 3 1022 m/
s were inserted in a homogeneous matrix of hydraulic conductivity K5 2.5 3 1023 m/s. These values of
hydraulic conductivity were computed based on the grain sizes and on the empirical correlation
proposed by Hazen [1892], i.e., K5 (C  d)2, where C5 100 m20.5 s20.5 and d [L] is the grain size. We con-
structed three heterogeneous setups for the 3-D ﬂow-through system (Figure 3b) and one heterogeneous
setup for the 2-D ﬂow-through chamber. We used a grain size of 0.4–0.6 mm for the low-permeability
matrix and a larger grain size of 1.6–2.0 mm for the high-permeability inclusions (Sigmund Lindner, War-
mensteinach, Germany). In the experiments performed in the quasi 2-D porous medium, we inserted a sin-
gle high-permeability inclusion. The size of the inclusion was 9 cm 3 1.1 cm 3 1.2 cm. The center of the
lens was located 14 cm downstream of the inlet and 4.5 cm above the bottom of the 2-D ﬂow-through
chamber.
The front and side views of the three heterogeneous setups for the 3-D ﬂow-through system and the
dimensions and locations of the inclusions are shown in Figure 3b. One, two, and three inclusions were
inserted in the homogeneous porous matrix to obtain three different ﬂow conﬁgurations. The three cases
are named Case 1, Case 2, and Case 3, respectively. The total volume of high-permeability material, as well
as the ending position of the inclusions along the ﬂow direction, was kept the same in the three
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heterogeneous setups. We always ﬁlled the material into the domains under water-saturated conditions to
prevent air entrapment in the porous media [Haberer et al., 2012]. The measured total porosity was 0.4 for
both the matrix and the high-permeability inclusions.
Two tracers, namely ﬂuorescein and oxygen, were simultaneously transported in the ﬂow-through system.
The two tracers have signiﬁcantly different aqueous diffusion coefﬁcients, namely 4.83 10210 m2/s for ﬂuo-
rescein and 1.97 3 1029 m2/s for oxygen at T5 228C [e.g., Atkins, 1990; Worch, 1993]. After reaching steady
state ﬂow conditions, an oxygen-depleted sodium ﬂuorescein solution was injected through the central
port at the inlet, whereas an ambient solution with no ﬂuorescein and oxygen concentration of 8.5 mg/L
was continuously injected from the surrounding inlet ports. The tracer solution was kept in a gastight Tedlar
bag (Alltech, Germany) to keep the oxygen concentration smaller than 1.0 mg/L. The ﬂuorescein concentra-
tion in the tracer solution was 15 mg/L. After injection of three pore volumes, the plumes of ﬂuorescein and
oxygen had reached steady state. Samples were collected at the outlet ports twice for each experimental
run, with a time interval of half a pore volume. The ﬂow rate was experimentally determined by weighing
the collected samples at each port, and the ﬂuorescein concentration was measured using a UV-
spectrometer (Perkin Elmer LS-3B). The oxygen concentration was measured using a noninvasive optode
technique [see Haberer et al., 2011 for details] at each of the 49 ﬂow-through vials at the outlet and at the
central ﬂow-through vial at the inlet of the setup [Ye et al., 2015]. The concentration and mass-ﬂux values
Figure 3. (a) Photograph of the 3-D ﬂow-through chamber; (b) front and side view of the 3-D heterogeneous setups: black rectangles rep-
resent the ﬂow-through chamber, blue lines denote the water level, orange, green, and purple rectangles represent the high-permeability
inclusions for Case 1, Case 2, and Case 3, respectively.
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were in excellent agreement between the two subsequent measurements and the results in the following
are presented as the average of the two measurements.
4. Model Description and Validation
In order to interpret the experimental results, we performed ﬂow and transport simulations using the
numerical code recently presented by Cirpka et al. [2015] with slight modiﬁcations discussed below. The
domain was discretized into 150 3 35 3 41 cells for the 3-D setup, with Dx5 0.2 cm and
Dy5Dz5 0.22 cm. For the 2-D setup, the domain was discretized into 140 3 5 3 41 cells, with
Dx5 0.2 cm, Dy5 0.22 cm, and Dz5 0.254 cm.
The governing ﬂow equation was solved using a cell-centered Finite Volume method. The ﬂow-through sys-
tem was simulated as an unconﬁned medium, which is consistent with the experimental setup. Boundary
conditions were set as constant ﬂow at the inlet and at the outlet ports. No-ﬂow boundary conditions were
set to the bottom and the sides of the ﬂow-through chamber. Since the ﬂow-through systems were uncon-
ﬁned, unsaturated conditions were accounted for at the top of the domain, using the Mualem/van-Gen-
uchten-parameterization [van Genuchten, 1980] and unsaturated parameters reﬂecting coarse sand [Carsel
and Parrish, 1988]. This extension was necessary because a small fraction of the discharge passed through
the overlaying unsaturated zone where the hydraulic conductivity was reduced but not zero [see also Hab-
erer et al., 2014]. The particle-tracking scheme of Pollock [1988] was used to compute streamlines.
Steady state advective-dispersive transport was simulated in y-z cross sections at regular distances in x. In
each cross section, we used Voronoi tessellation to construct polygons centered about the points where
the streamlines intersected with the observation plane. Then, transport from one cross section to the next
could be simulated by a Finite Volume method for transverse dispersion, in which time is replaced by the
individual plane-to-plane travel time along each streamline. In contrast to Cirpka et al. [2015], we imposed
zero mass-ﬂux boundary conditions at the bottom, side, and top boundaries, and a constant mass-ﬂux
boundary condition at the inlet face. The advantage of this numerical scheme is the signiﬁcant reduction of
numerical dispersion in comparison to numerical solutions which rely on ﬁxed Cartesian grids. The parame-
ters used in the numerical code are listed in Table 1.
To show the low numerical dispersion affecting the numerical scheme, we computed the ratio between the
ﬂux-related dilution index in a three-dimensional conﬁned domain similar to the one shown in Figure 1 (i.e.,
length5 3 m, width5 0.77 m, height5 0.77 m). This domain has a horizontal upper boundary and is water sat-
urated over the entire height, unlike the experimental device. The domain contains a high-permeability inclu-
sion (length5 0.2 m, width5 0.066 m, height5 0.066 m) located at a distance of 1.8 m from the inlet and in
the corresponding homogenous case. The ratio between the conductivity value in the high-permeability inclu-
sion and in the surrounding matrix is 13. This permeability contrast causes the focusing of the plume in the
inclusion. We imposed the conditions hi5wi and htot5wtot and considered the case in which Dt is parameter-
ized according to equation (4) and the case in which Dt is constant (Dt5Dp5 1.92 3 10
210 m2/s). Figure 4
shows that in the ﬁrst case transverse mixing
is enhanced due to the difference in the dis-
persion coefﬁcients, while in the second case
the high-permeability inclusion does not
cause an increase of the ﬂux-related dilution
index. As discussed in section 2.2.1, the latter
behavior is expected for the case of pure pore
diffusion. The fact that the numerical scheme
reproduces this behavior indicates that the
method is free of signiﬁcant numerical trans-
verse dispersion.
5. Results and Discussion
The numerical model described in the previ-
ous section was used to interpret the
Table 1. Summary of Flow and Transport Parameters Used in the Model
Parameter Value
Average ﬁne grain diameter (mm) 0.5
Average coarse grain diameter (mm) 1.8
Porosity ﬁne material 0.4
Porosity coarse material 0.4
Hydraulic conductivity ﬁne material (m/s) 2.5 3 1023
Hydraulic conductivity coarse material (m/s) 3.243 1022
Van Genuchten parameter aa (m21) 7.9
Van Genuchten parameter Na 35.8
Aqueous diffusion coefﬁcient ﬂuoresceinb (m2/s) 0.483 1029
Aqueous diffusion coefﬁcient oxygenb (m2/s) 1.973 1029
Parameter d of Dt (equation (4))
c 5.37
Parameter b of Dt (equation (4))
c 0.5
aFrom Haberer et al. [2011], consistent with McCray and Falta [1997].
bFrom Worch [1993] and Atkins [1990], at T5 228C.
cFrom Ye et al. [2015].
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experimental data and to quantitatively illus-
trate the effects of ﬂow focusing on dilution
and dilution enhancement observed in the
ﬂow-through experiments.
5.1. Effects of Flow Focusing in 3-D
Heterogeneous Setups
Figure 5a shows the simulated inﬂuence of
the high-permeability inclusions on the ﬂow
ﬁeld for the three-dimensional setups. Stream-
lines were traced from the injection port to
the end of the ﬂow-through system. As can be
observed, they converge towards the high-
permeability inclusions. However, due to the
nonuniformity of the ﬂow ﬁeld, some stream-
lines diverge from the initial bundle. In Case 1,
all streamlines are focused at a distance of
x5 0.1 m and defocused at a distance of
x5 0.2 m. The focusing zone of the stream-
lines is exactly the location where the high-
Figure 4. Validation of the numerical scheme in a 3-D scenario with
ratio of ﬂux-related dilution index between heterogeneous and homo-
geneous cases along the travel distance. Blue crosses: simulations with
Dt according to equation (4); black line: simulations with Dt5Dp (pure
pore diffusion).
Figure 5. (a) Streamlines (black lines) starting from the central inlet port, isopotential surfaces (colored surfaces), and water level (gray surface). (b) Flux-related dilution index in the ﬂow-
through chambers for the three heterogeneous cases and the homogeneous case for a mean ﬂow velocity of 1 m/d. (c) Flux-related dilution index in the ﬂow-through chambers for the
three heterogeneous cases and the homogeneous one for a mean ﬂow velocity of 5 m/d.
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permeability inclusion lies (see Figure 3). The focusing of ﬂow reduces the distance between streamlines,
increases concentration gradients transverse to the ﬂow direction, but reduces the mixing time within the
inclusion. While the geometric effects should cancel for the given geometry (see the discussion on isotropic
ﬂow focusing above), the higher velocity within the inclusion causes an increased local transverse disper-
sion coefﬁcient, the effect of which prevails in enhanced dilution, as reﬂected by the ﬂux-related dilution
index in Figures 5b and 5c. At the two ﬂow velocities of 1 and 5 m/d, the red dashed line shows a jump in
the ﬂux-related dilution index (EQ), with a higher slope, after a travel distance of x5 0.1 m; EQ returns to the
initial rate of increase after a travel distance of x5 0.2 m (i.e., after the high-permeability inclusion).
In Case 2, a few streamlines deviate from the ﬂow path at a distance of x5 0.06 m. This happens at the posi-
tion where the ﬁrst high-permeability inclusion is located (see Figure 3). For the given asymmetric setup,
the plume fringe is not completely focused within the inclusion. Outside the inclusion, the streamlines
meander in zones with lower-than-the-average ﬂow velocity. As a consequence, while transverse mixing is
enhanced within the inclusion, it is reduced in the fraction of the plume outside the high-conductivity
material. The net effect is that the presence of the ﬁrst inclusion does not enhance dilution (Figures 5b and
5c, green dash-dotted lines). When the plume reaches the second lens at the travel distance of x5 0.1 m, all
streamlines injected at the source are focused. Like in Case 1, dilution is stronger in the inclusion due to the
higher velocity causing the enhancement of transverse mass exchange. This is illustrated by the increasing
slope of the ﬂux-related dilution index starting at a travel distance of x5 0.1 m (Figures 5b and 5c). The rate
of dilution enhancement along the travel distance is smaller for Case 2 compared to Case 1. This is due to
the stronger ﬂow focusing effect in the larger cross-sectional area of the inclusion in Case 1 (2.25 3 1024
m2) than in Case 2 (0.84 3 1024 m2).
Case 3 shows a different development of the streamlines than the other two cases. At a distance of
x5 0.06 m, the streamlines deviate in both lateral and vertical directions due to the presence of two sur-
rounding high-permeability inclusions (Figure 3). As shown by the blue dotted line in Figures 5b and 5c, the
overall dilution in the ﬁrst half of the domain is the same as for the homogeneous medium at the ﬂow rate
of 1 m/d whereas it is even smaller at the ﬂow rate of 5 m/d. At the ﬂow rate of 1 m/d, a balance occurs
between dilution enhancement due to ﬂow focusing inside the inclusions and the dilution decrease in the
low velocity zones outside the lenses. At a higher ﬂow rate, fewer streamlines carrying nonzero concentra-
tion are focused in the high-permeability inclusions. Hence, the decrease of dilution becomes slightly larger
than the dilution enhancement. The third high-permeability inclusion appearing at a distance of x5 0.15 m
focuses the ﬂow as in Case 1. However, since the inclusion is shorter compared to Case 1, lower dilution val-
ues are reached at the end of the domain.
For both ﬂow velocities (1 and 5 m/d), the observed behavior is qualitatively the same, but the values of the
ﬂux-related dilution index are larger when the ﬂow-through system is run at higher velocity. It should be
Figure 6. Normalized ﬂuorescein concentration distributions at the outlet for the 3-D homogeneous setup and the three 3-D heterogene-
ous setups: observed and simulated values at ﬂow velocity of 1 m/d.
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noted, however, that the dimension of the ﬂux-related dilution index is that of a discharge. In the cases
with a mean velocity of 5 m/d, the discharge is 5 times larger than the one for the cases with 1 m/d. The val-
ues of the ﬂux-related dilution index, however, are less than 5 times larger because the transverse disper-
sion coefﬁcients increase less than linearly with the seepage velocity. That is, the reactor ratio, which scales
the ﬂux-related dilution index by the total discharge, is smaller in the case with higher mean ﬂow velocity.
All heterogeneous setups enhance transverse mixing in comparison to the homogeneous setup. Case 1
shows the strongest dilution enhancement, whereas Case 2 has the lowest dilution enhancement at the
ﬂow velocity of 1 m/d and Case 3 has the lowest dilution enhancement at the ﬂow velocity of 5 m/d. This
difference in the behavior of the dilution enhancement can be explained by considering that the inclusions
have different geometries and that the transverse dispersion coefﬁcient depends nonlinearly on the ﬂow
velocity.
Normalized ﬂuorescein concentrations at the outlet ports are shown in Figures 6 and 7, for the ﬂow veloc-
ities of 1 m/d and 5 m/d, respectively. Results of the 3-D homogeneous setup investigated by Ye et al.
[2015] are also included in the plots for a direct comparison with the heterogeneous cases that are the
focus of the present study. Color columns denote experimental measurements at the 7 3 7 outlet ports,
whereas black outlines represent the results of forward simulations carried out without any parameter ﬁt-
ting using the 3-D numerical model presented in section 4. The match between experimental measure-
ments and model results is good for all cases at both ﬂow rates. We evaluated the model performance
according to the v2 test, deﬁned as
v25
1
nports
Xnports
n51
ðcmeas2csimuÞ2
e2
(24)
where nports is the number of ports (49 in our setup), cmeas is the measured normalized concentration at
each port, csimu is the simulated normalized concentration and e is the experimental error, which we esti-
mate a posteriori such that v2  1. For the eight cases shown in Figures 6 and 7, the mean experimental
error is always smaller than 11% and thus comparable to the values obtained in experiments with homoge-
neous porous media [Ye et al., 2015].
As shown in Figure 6, the peak concentrations differ signiﬁcantly among the four cases. The peak concen-
trations in the heterogeneous cases are smaller in comparison to the homogeneous case, due to dilution
enhancement in the high-permeability inclusions. Furthermore, Case 1 shows the lowest peak concentra-
tion value, whereas Cases 2 and 3 have similar values. This is consistent with the dilution predicted by the
numerical simulations and quantiﬁed by the ﬂux-related dilution index (Figure 5). While the total volume of
the high-permeability inclusions is practically the same in the three heterogeneous setups, different spatial
distributions of the high-permeability material in the matrix cause different enhancement of transverse
Figure 7. Normalized ﬂuorescein concentration distributions at the outlet for the 3-D homogeneous setup and the three 3-D heterogene-
ous setups: observed and simulated values at ﬂow velocity of 5 m/d.
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mixing. Therefore, the volume ratio of the high-conductive to low-conductive materials and the conductiv-
ity contrast are not sufﬁcient to predict plume dilution. In fact, the enhancement of transverse dispersion
and dilution depends on how the plume fringe is focused in the high-permeability inclusions [e.g., Chiogna
et al., 2011b; de Barros et al., 2012].
The results presented in Figure 7 for the high-velocity case are consistent with those presented in Figure 6.
At higher ﬂow velocity, the peak concentration is higher. This is due to the shorter residence time of the sol-
ute in the ﬂow-through chamber in conjunction with a lower than linear dependence of transverse disper-
sion on the average ﬂow velocity.
The ﬂux-related dilution index and reactor ratio at the outlet of the domain have been computed for both
experimental and model results at ﬂow velocity of 1 and 5 m/d. They are listed in Table 2. The values of the
ﬂux-related dilution index, which have units of a discharge, are larger at 5 m/d than at 1 m/d. However, it
should be noticed that at 5 m/d the total volumetric ﬂuxes are also 5 times larger than the ones at 1 m/d.
Thus, besides quantifying the absolute dilution of the plume with EQ it is also useful to consider the degree
of dilution for a given ﬂow rate. To this end, the reactor ratio is a useful metric since it is normalized by the
total discharge in the ﬂow-through system. The reactor ratio is consistently higher for the experiments at
lower ﬂow velocity. As discussed above, this behavior is expected since at lower velocity the residence time
is 5 times larger than at 5 m/d, whereas the local transverse dispersion coefﬁcient is less than 5 times
smaller.
The normalized error between the experimental dilution index EQ,meas and the model results EQ,sim (i.e.,
abs(EQ,meas2 EQ,sim)/EQ,sim) is within 10% except for Case 2. The larger error for Case 2 (20% at 1 m/d and
25% at 5 m/d) may be explained by the fact that the transition between high-conductivity and low-
conductivity materials in the real experiment is not as sharp as assumed by the model. In fact, the small
glass beads may intrude into the pore space of the large ones at the sides of the inclusions. The width of
this transition zone has a dimension of 1–2 grains in our experimental setup. This effect can be neglected if
the dimension of the inclusion is large, as in Cases 1 and 3, while in Case 2 the inﬂuence of this transition
zone is more relevant, thus potentially explaining the larger difference between model and experimental
results.
Besides considering the values of the ﬂux-related dilution index and of the reactor ratio in the different set-
ups, it is illustrative to consider the enhancement of dilution determined by ﬂow focusing in the heteroge-
neous setups. Table 3 lists the enhancement of dilution with respect to the homogeneous case as the ratio
between the ﬂux-related dilution index at the outlet of the ﬂow-through chamber in the heterogeneous
cases and in the homogeneous case. The strongest dilution enhancement is observed for Case 1 (65%),
whereas Cases 2 and 3 yield smaller enhancements. Furthermore, for a given setup, the dilution enhance-
ment is similar for both velocities.
5.2. Effects of Dimensionality on Dilution and Dilution Enhancement
Dilution in three-dimensional domains is in general larger than in two-dimensions [Kitanidis, 1994], due to
the additional degree of freedom provided by the third spatial dimension. This was conﬁrmed in the experi-
ments carried out in this study and substantiated by the values of the ﬂux-related dilution index measured
Table 2. Experimental and Model Results of Flux-Related Dilution Index and Reactor Ratio at the Outlet of the 3-D Setups at Flow Veloc-
ity of 1 and 5 m/d
1 m/d 5 m/d
Setup Experiment Model Norm. Error (%) Experiment Model Norm. Error (%)
Flux-related dilution index (m3/s)
Hom 4.85 3 1029 5.13 3 1029 5 1.93 3 1028 2.10 3 1028 8
Case 1 7.83 3 1029 8.70 3 1029 10 3.16 3 1028 3.32 3 1028 5
Case 2 5.43 3 1029 6.78 3 1029 20 2.06 3 1028 2.73 3 1028 25
Case 3 6.20 3 1029 6.81 3 1029 9 2.46 3 1028 2.52 3 1028 3
Reactor ratio
Hom 0.18 0.18 5 0.15 0.16 8
Case 1 0.28 0.31 10 0.23 0.24 5
Case 2 0.20 0.24 20 0.15 0.20 25
Case 3 0.23 0.25 9 0.19 0.19 3
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at the outlet of the ﬂow-through setups (Tables 2 and 4). Despite high-permeability inclusions may consid-
erably enhance dilution in both 2-D and 3-D systems, the mixing enhancement is different depending on
the dimensionality of the domain (section 2.2.1). Indeed, the effect of high-permeability inclusions enhance
dilution in a considerably different way in 2-D than in 3-D ﬂow-through systems. To conﬁrm this statement
by experimental evidence, we compare the dilution enhancement between 2-D and 3-D cases, in a very
simple setup. A single inclusion was inserted in the quasi 2-D ﬂow-through chamber and the results were
compared with the analogous setup in the 3-D ﬂow-through chamber (Case 1). In both setups, the inclu-
sions are centered, have the same length and a height equal to the interspacing between inlet ports thus
allowing a meaningful comparison of the effects of dimensionality. Fluorescein was used as tracer and the
experiments were run at mean ﬂow velocities of 1 and 5 m/d.
Figure 8 shows the ﬂux-related dilution index at the outlet of the ﬂow-through chamber for both 2-D and 3-
D experiments, considering both homogeneous and heterogeneous setups at the mean ﬂow velocities of 1
and 5 m/d. Notice that to provide a meaningful comparison between 2-D and 3-D systems, the ﬂux-related
dilution index is normalized by subtracting its values at the inlet, which is signiﬁcantly different between 2-
D and 3-D setups. The difference between experimental (black bars) and model (white bars) results is
smaller than 17% for all cases, showing the good performance of the model in predicting the experimental
data. In both 2-D and 3-D setups, at a speciﬁc ﬂow velocity, dilution is smaller in the homogeneous case
than in the heterogeneous cases. Furthermore, the ﬁgure clearly illustrates that dilution is larger in the 3-D
setup both in the homogeneous and in the heterogeneous porous media.
The absolute and normalized values of the ﬂux-related dilution index as well as of the reactor ratio are listed
in Table 4 for the 2-D and 3-D heterogeneous cases at ﬂow velocity of 1 and 5 m/d. It is interesting to notice
that, in contrast to the values of the ﬂux-related dilution index, the reactor ratio shows larger values in the
2-D than in the 3-D system. This difference is due to the fact that the two metrics capture different features
of plume dilution. Whereas the ﬂux-related dilution index quantiﬁes dilution that is larger in the 3-D cases,
the reactor ratio expresses the degree of dilution and captures the fact that the solute mass ﬂux is better
distributed with respect to the total discharge in the 2-D than in the 3-D setups. The difference in the
behavior of the ﬂux-related dilution index and the reactor ratio is caused by the difference in the total dis-
charge between 2-D and 3-D setups. Since the mean ﬂow velocity is the same in both systems, the total dis-
charge in the 3-D case is much larger than in the 2-D case. The reactor ratio is therefore indicative of the
Table 3. Ratio of Flux-Related Dilution Index at the Outlet of Flow-Through Chamber Between the 3-D Heterogeneous Porous Media
and the 3-D Homogeneous Porous Medium (EQHet/EQHom) at Flow Velocity of 1 and 5 m/d
1 m/d 5 m/d
Heterogeneous Setup Experiment Model Experiment Model
Case 1 1.61 1.70 1.64 1.58
Case 2 1.12 1.32 1.07 1.30
Case 3 1.28 1.33 1.28 1.20
Table 4. Experimental and Model Results of Flux-Related Dilution Index, Normalized Flux-Related Dilution Index, Reactor Ratio, and Nor-
malized Reactor Ratio at the Outlet of the 2-D and the 3-D Heterogeneous Setups at Flow Velocity of 1 and 5 m/d
3-D 2-D
Flow Velocity Experiment Model Norm. Error (%) Experiment Model Norm. Error (%)
Flux-related dilution index (m3/s)
1 m/d 7.83 3 1029 8.70 3 1029 10 2.69 3 1029 2.95 3 1029 9
5 m/d 3.16 3 1028 3.32 3 1028 5 1.14 3 1028 1.30 3 1028 13
Normalized ﬂux-related dilution index (m3/s)
1 m/d 6.71 3 1029 7.58 3 1029 12 2.05 3 1029 2.32 3 1029 11
5 m/d 2.61 3 1028 2.77 3 1028 6 8.21 3 1029 9.85 3 1029 17
Reactor ratio
1 m/d 0.28 0.31 10 0.61 0.67 9
5 m/d 0.23 0.24 5 0.51 0.58 13
Normalized reactor ratio
1 m/d 0.24 0.27 12 0.46 0.52 11
5 m/d 0.19 0.20 6 0.37 0.44 17
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potential for further dilution in the system: the larger the value at the outlet, the better the plume is diluted
and the smaller is the potential for further dilution. Combining the information from the two metrics used
to quantify the effects of transverse mixing on plume dilution, it is possible to conclude that in the 3-D
setup the plume is certainly more diluted and also has a larger potential for further dilution than in the 2-D
system.
As done in the previous analysis for the different 3-D cases, dilution enhancement is computed as the ratio
of the ﬂux-related dilution index between heterogeneous and homogeneous setups at the outlet of the
ﬂow-through system. The results are presented in Table 5. Although dilution is larger for the 3-D ﬂow-
through systems than for the 2-D ones, dilution enhancement is stronger for the 2-D heterogeneous system
(1.8) than for the 3-D heterogeneous setup (1.6). This indicates that results obtained in 2-D systems may
overestimate the enhancement of transverse mixing by ﬂow focusing in comparison to fully 3-D domains.
To compare vertical and horizontal mixing enhancement in the three-dimensional setup with the mixing
enhancement in the two-dimensional setup, we compute the mixing-enhancement factor (Table 6) accord-
ing to equations (9), (13), and (14), respectively.
The dilution enhancement quantiﬁed in Table 5 (1.6 for 3-D case and 1.8 for 2-D case) shows a qualita-
tive agreement with the values based on the mixing-enhancement factor, reported in Table 6 (3.0 for 3-D
case and 6.5 for 2-D case). Both results show a lower mixing enhancement due to ﬂow focusing in three-
dimensional than in two-dimensional systems. Notice that equations (8) and (12) assume complete ﬂow
focusing in the high-permeability inclusions. Using numerical simulations, we veriﬁed that at both mean
ﬂow velocities the fringe of the plume is only partially focused in the inclusion. As suggested by Werth et al.
[2006], some corrections can be applied in order to consider such effects and this would lead to smaller val-
ues of MF. However, it is noticeable that the analytical equations for MF, although only valid under simplify-
ing assumptions, are qualitatively supported by the outcomes of the ﬂow-through experiments and allow
capturing the distinct mixing enhancement in 2-D and 3-D systems. Despite the simplicity of the geometry
of the system, Werth et al. [2006] have shown that the main outcomes of their two-dimensional analysis per-
formed in a simpliﬁed setup, is useful to qualitatively interpret more realistic heterogeneous ﬁeld-scale
results. Similarly, the modeling and experimental results presented in this contribution, quantitatively
describe mixing processes at the local scale and can help interpreting ﬁeld-scale processes. In particular,
Figure 8. Experimental and model results of normalized ﬂux-related dilution indices at the outlet of the ﬂow-through chamber for four set-
ups: 2-D homogeneous, 2-D heterogeneous, 3-D homogeneous, and 3-D heterogeneous at ﬂow velocity of (a) 1 m/d and (b) 5 m/d.
Table 5. Ratio of the Flux-Related Dilution Index at the Outlet of Flow-Through Chamber Between Heterogeneous Porous Media and
Homogeneous Porous Media for Both 3-D and 2-D Setups at Flow Velocity of 1 and 5 m/d
3-D 2-D
Flow Velocity Experiment Model Experiment Model
1 m/d 1.61 1.70 1.76 1.95
5 m/d 1.64 1.58 1.67 1.93
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they point to the relevance of considering fully
three-dimensional structures in order to cor-
rectly describe mixing enhancement in porous
media.
5.3. Compound-Specific Effects
In this part, we show the relevance of
compound-speciﬁc effects upon transport of dif-
ferent solutes. Figure 9 shows the experimental
and numerical results obtained at ﬂow velocity of 5 m/d, using ﬂuorescein (Figure 9a) and oxygen (Figure
9b) as tracer solutes. The normalized ﬂux-related dilution index is reported for the 2-D and 3-D homogene-
ous and heterogeneous setups. Plume dilution at the outlet of the ﬂow-through systems is larger for oxygen
than for ﬂuorescein in both 2-D and 3-D porous media. The match between the predictive model and the
experimental results is satisfactory, although oxygen measurements are affected by a larger uncertainty
than the ﬂuorescein ones, as discussed by Ye et al. [2015].
Computed and simulated values for the ﬂux-related dilution index and the reactor ratio are summarized in
Table 7. The difference between the normalized ﬂux-related dilution index and reactor ratio can be
explained with the same arguments used in the previous sections: dilution is larger in 3-D than in 2-D,
whereas the mass ﬂux is better distributed with respect to the total discharge in the 2-D systems than in
the 3-D setups.
Table 6. Analytical Mixing-Enhancement Factor (MFi,v and MFi,h for
3-D and MFi,v for 2-D) at Flow Velocity of 1 and 5 m/d for 3-D and
2-D Heterogeneous Setups
3-D 2-D
Flow Velocity MFi,v MFi,h MFi,v
1 m/d 3.2 3.2 6.9
5 m/d 2.8 2.8 6.2
Figure 9. Experimental and model results of normalized ﬂux-related dilution indices for (a) ﬂuorescein and (b) oxygen tracer solutes at the outlet
of the ﬂow-through chamber for four setups: 2-D homogeneous, 2-D heterogeneous, 3-D homogeneous, and 3-D heterogeneous at ﬂow velocity
of 5 m/d.
Table 7. Experimental and Model Results of Flux-Related Dilution Index, Normalized Flux-Related Dilution Index, Reactor Ratio, and Nor-
malized Reactor Ratio at the Outlet of the 2-D and the 3-D Heterogeneous Setups for Fluorescein and Oxygen Tracer Plumes at Mean
Flow Velocity of 5 m/d
3-D 2-D
Solute Experiment Model Norm. Error (%) Experiment Model Norm. Error (%)
Flux-related dilution index (m3/s)
Fluorescein 3.16 3 1028 3.32 3 1028 5 1.14 3 1028 1.303 1028 13
Oxygen 3.62 3 1028 4.17 3 1028 13 1.10 3 1028 1.463 1028 25
Normalized ﬂux-related dilution index (m3/s)
Fluorescein 2.61 3 1028 2.77 3 1028 6 8.21 3 1029 9.853 1029 17
Oxygen 3.07 3 1028 3.61 3 1028 15 7.84 3 1029 1.153 1028 32
Reactor ratio
Fluorescein 0.23 0.24 5 0.51 0.58 13
Oxygen 0.26 0.30 13 0.49 0.66 25
Normalized reactor ratio
Fluorescein 0.19 0.20 6 0.37 0.44 17
Oxygen 0.22 0.26 15 0.35 0.51 32
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The experimental and modeling results shown in Figure 9 illustrate that compound-speciﬁc effects are not
negligible even at very fast groundwater velocities (i.e., 5 m/d). In fact, also in such strongly advection-
dominated regimes the transverse hydrodynamic dispersion coefﬁcient and, in particular, the mechanical-
dispersion term still depends on the diffusivity of the transported solutes, as also evidenced in previous the-
oretical and modeling works [e.g., Bijeljic and Blunt, 2007; Scheven, 2013]. This results in the larger dilution of
oxygen plumes compared to the ﬂuorescein plumes in the corresponding setups.
6. Conclusions
In this study, we theoretically analyzed, numerically simulated, and experimentally investigated dilution of
steady state plumes in isotropic porous media with high-conductivity inclusions, with a simple geometry.
We measured highly resolved concentration proﬁles and volumetric ﬂow rates at the outlet of three differ-
ent three-dimensional ﬂow-through systems. The three different heterogeneous cases were obtained by
inserting the same volume of high-permeability material into a homogeneous low-permeability matrix, but
varying the geometry and the location of the inclusions. Dilution was quantiﬁed by the ﬂux-related dilution
index, which could be calculated for all travel distances in numerical simulations and at the outlet of the
ﬂow-through system in the experiments. The main outcomes of this study can be summarized as follows:
1. In high-permeability inclusions, both distances between streamlines and the time needed to travel a cer-
tain longitudinal distance are shortened. In 2-D systems, the effect of decreasing the transverse disper-
sion distance always prevails over the effect of decreasing the time available for mixing, thus resulting in
an enhancement of transverse mixing and dilution in the inclusions even for the hypothetical case of
pure, velocity-independent pore diffusion. In 3-D systems, the two effects cancel when ﬂow focusing in
the two transverse directions is identical. If ﬂow focusing is anisotropic in the two transverse directions,
the geometric effect is an increase in mixing in the direction in which the plume fringe is more strongly
focused and a decrease in the direction corresponding to less focusing. In the simpliﬁed laboratory condi-
tion considered in this study, the mixing enhancement predicted for 2-D ﬂow is the upper limit of that in
3-D media. The higher velocity in the high-conductivity inclusion, however, also leads to a higher value of
the local transverse dispersion coefﬁcient, which is further magniﬁed by a larger grain size within the
high-conductivity material. This effect leads to an enhancement of 3-D transverse mixing if the plume
fringe lies within the high-permeability inclusion, regardless of the geometry.
2. When the plume fringe is not focused within the high-permeability inclusion, the plume meanders in
regions with lower ﬂow velocity and dilution by transverse mixing diminishes. Therefore, the total dilu-
tion depends not only on the extent of the permeability contrast between the coarse material and the
matrix and on the volumetric ratio of the two materials, but also on the exact spatial arrangement of the
inclusions with respect to the location of the plume fringes. In all three heterogeneous setups studied in
the experiment, dilution is enhanced in comparison to the homogeneous ﬂow-through system, but to
different extents. These results are in agreement with observations performed in similar two-dimensional
experimental [e.g., Rolle et al., 2009] and modeling studies [e.g., Werth et al., 2006; Chiogna et al., 2011a].
3. Plume dilution by transverse mixing is more pronounced in the 3-D ﬂow-through systems than in the 2-D
system because transverse dispersion acts in two transverse directions in the 3-D case and only in one
direction in the 2-D case. However, the dilution enhancement by ﬂow focusing in high-permeability inclu-
sions is larger in the quasi 2-D ﬂow-through setup. Furthermore, we have shown that assuming a con-
stant dispersion coefﬁcient, which is a common assumption in stochastic subsurface hydrology, may lead
to a signiﬁcant underestimation of transverse-mixing enhancement in three-dimensional ﬂow ﬁelds.
Hence, it is crucial to determine the dimensionality of the problem and to correctly parameterize local
dispersion to accurately interpret and model mixing processes in porous media.
4. The diffusivity of the transported solute affects the transverse hydrodynamic dispersion coefﬁcient not
just at low but also at high ﬂow velocities, both in 2-D and 3-D systems. The relative importance of the
local transverse dispersion coefﬁcient for the enhancement of plume dilution is larger in 3-D than in 2-D
systems [Ye et al., 2015], so that compound-speciﬁc effects on plume dilution are also more pronounced
in 3-D than in 2-D ﬂow-through systems. The heterogeneity of the medium does not decrease the
compound-speciﬁc effects on transverse mixing, which is of particular relevance for reactive solute
transport.
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In natural aquifers and consolidated rocks, the complex shape, architecture, and connectivity of high-
conductivity zones can lead to additional mixing-enhancement mechanisms [e.g., Stauffer, 2007; Chiogna
et al., 2014, 2015; Cirpka et al., 2015] and complex pore-scale mixing dynamics [e.g., Bijeljic et al., 2013;
Scheven et al., 2014], which have not been investigated in this study. However, the difference between two-
dimensional and three-dimensional mixing enhancement emerging from this analysis points to the need of
considering fully three-dimensional geological structures in order to correctly describe mixing enhance-
ment also at the ﬁeld scale.
Despite the simple geometry of the heterogeneity used in the present study, we have been able to show
that the dimensionality of the system and diffusion strongly inﬂuence transverse mixing and its enhance-
ment. Such physical processes are fundamental mechanisms for mixing in porous media and therefore will
contribute also to mixing of plumes at the larger ﬁeld scale. Furthermore, we have shown that the out-
comes derived from mixing studies focusing on two-dimensional simulations often performed with a simpli-
ﬁed parameterization of the dispersion tensor, should be carefully extrapolated to the ﬁeld scale. In more
complex setups with multiple and randomly located inclusions the mixing enhancement will depend on
the statistical properties of the ﬁeld, on the geometric characteristic of the source, on the local dispersion
coefﬁcient, on the connectivity of the inclusions as well as on anisotropy of the formation.
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